The principle of symmetric criticality allows one to reduce the search of symmetric critical points for the conformal total tension functional in a Kaluza-Klein conformal universe, to the search of closed curves in its gravitatory component which are critical points for certain r-elastic energy functionals. The constancy of the mean curvature is preserved in this reduction of symmetry. In this framework we study the r-elasticity of fibres in a semi-Riemannian warped tube. We obtain a wide class of tubes which are foliated by r-elastic circles and give some applications including a characterization of the photon sphere in a Schwarzschild spacetime from the point of view of the r-elasticity. © 2000 Elsevier Science B.V. All rights reserved. 
Introduction
Let (P ,ḡ) be a semi-Riemannian manifold and denote by I (S, P ) the smooth manifold of immersions of an n-dimensional compact smooth manifold S in P . The Willmore-Chen functional T : I (S, P ) → R is given by (see [9] )
where H is the mean curvature vector field of ϕ (i.e. the tension field of ϕ), dv denotes the volume element of the induced metric ϕ * (ḡ) and τ stands for the extrinsic scalar curvature of ϕ. This functional is invariant under conformal transformations of the ambient space and is also known as the conformal total tension functional. The associated variational problem is actually stated in (P , [ḡ] ), where [ḡ] denotes the conformal structure defined byḡ. The nicest immersions of S in (P , [ḡ] ) are those which support the least possible conformal total tension from the surrounding conformal structure and therefore they provide Willmore-Chen submanifolds, i.e. critical points of T . In particular [5] , if G is an r-dimensional compact group of isometries in (P ,ḡ), then this variational problem for n = r + 1 can be reduced to one associated with a certain r-elastic energy functional acting on closed curves in the orbit space (in the next section we define this r-elastic energy functional whose critical points are called r-elasticae, in particular, when r=1 this notion coincides with the classical one of elastic curve). This reduction of variables works fine when P is a principal fibre G-bundle with a principal flat connection over a certain semi-Riemannian manifold (N, g) andḡ is obtained by the so called Kaluza-Klein inverse mechanism. In addition, we are interested in those G-invariant Willmore-Chen submanifolds which have constant mean curvature in (P ,ḡ) because they are solutions to the isoperimetric problem area-volume, which is what we call these G-submanifolds. Consequently, to obtain G-submanifolds in a Kaluza-Klein conformal universe, (P , [ḡ]), we only need to get r-elastic circles in its gravitatory component. Here circle means a closed curve with constant curvature.
In this paper, we consider spaces as (N, g f ε ) = M × f εS 1 , for a given semi-Riemannian manifold (M, g) and a smooth positive warping function f on M. For any p ∈ M, the fibre γ p = {p} × S 1 provides a circle and then we characterize those fibres which are r-elastica. In particular, we classify those (M, g, f ) which provide a foliation by r-elastic circles in (N, g f ε ). We give some examples of solutions to illustrate this and use it to obtain examples of Kaluza-Klein conformal universes which are foliated with leaves being G-submanifolds. We also give some general applications to the existence of G-submanifolds. Finally, we obtain other convenient applications including the following one:
In the Schwarzschild spacetime, every great circle of the sphere whose distance to the center of the star is (3+(1/r))m (m being the mass of the star), is an r-elastica in this spacetime. Consequently, we can talk about a sequence of r-elastic spheres in the Schwarzschild spacetime which converges towards the photon sphere.
Circle warped product
Let (M, g) be a semi-Riemannian manifold and f a smooth positive function on M. We denote by ∇ the Levi-Civita connection of (M, g). On N = M × S 1 , we consider the semi-Riemannian metric g ε f = g + εf 2 dt 2 , with obvious meaning and ε = ±1. Then, (N, g f ε ) is called the warped product with warping function f , base (M, g) and fibre (S 1 , dt 2 ). Notice that the index of g ε f coincides with the index of g if ε = +1, while it increases the index of g if ε = −1, by one. When g is understood then, we still use M × f εS 1 to denote (N, g f ε ) (see [7, 14] for details about this subject). For any p ∈ M, let γ p = {p} × f εS 1 be the fibre through p. We assume it is arclength parametrized, so ε is the causal character of its unit speed vector field T = γ p . Let ∇ f be the Levi-Civita → R by
where κ denotes the curvature function of γ and we write the integrand in that form to point out that it is an even function of the curvature. The variational problems associated with those functionals have been considered in [4] . Critical points of F r are called r-elasticae and the Euler-Lagrange equations characterizing these curves were computed there. Problem. What about the r-elasticity of fibres in (N, g f ε )? This problem has been studied in [5, 6] 
is a surface of revolution in either the Lorentzian 3-space L 3 or the Euclidean 3-space E 3 , i.e. M is a plane curve and f denotes the distance to the axis of revolution on the profile curve. In particular, the so-called trumpet surfaces are characterized there as the only surfaces of revolution, besides right cylinders, whose parallels are all r-elastica. Now, we use the Euler-Lagrange equations associated with F r [4] , to deduce that a fibre γ p is an r-elastica if and only if Furthermore, the evolution of f along the U-flow is given by
Proof. The curvature term appearing in Eq. (2.2) is computed to be
We put grad(f ) = δU (f )U in the above formula and use the fact that the base (M, g) defines a foliation on (N, g f ε ) with totally geodesic leaves isometric with (M, g) to obtain
Now, we combine this equation with (2.2) and use κ 2 = U(f ) 2 /f 2 to obtain ∇ U U = 0 and along this unit speed geodesic flow, the function f evolves according to (2.3). 
Remark 2. If (M, g) is Riemannian and ε
= −1, then (N, g f ε ) is
Some examples
In this section, we describe a list of examples which provide solutions to the problem of having all fibres being r-elastica. The simplest case is that where M is one-dimensional and it includes the surfaces of revolution in E 3 and L 3 . Therefore, our preliminary example was given in [6] (see there for some pictures).
Preliminary example (The trumpet surfaces). Let R 3 endowed with the metric g µ = dx 2 + dy 2 + µ dz 2 , µ = ±1. Then (R 3 , g µ ) is either the Euclidean 3-space, E 3 , if µ = 1 or the Lorentzian 3-space L 3 if µ = −1. For a certain constant c, we define in the {x, z}-plane an arclength parametrized curve β(s) = (x(s), z(s)) and
Then, we rotate β around the z-axis to obtain a surface of revolution S β = I × x(s) S 1 , I being the domain of β, in (R 3 , g µ ) whose parallels are all spacelike, r-elastica in S β . Example 3 (Tubes around a Schwarzschild universe). The Schwarzschild solution of the empty space Einstein equation models the gravitational field outside an isolated, static, symmetric star. Staticity and spherical symmetry conditions are both satisfied on the product manifold M = R × (0, a) × S 2 , for a > 0 endowed with a warped product metric as follows:
where (S 2 , dσ 2 ) is the unit round sphere. Now, (M, g) is a solution of the empty space Einstein equation provided
for some constant m. The function G, defined on (2m, +∞) is usually interpreted as the distance from the center of the star. We define f : M → R by f (t, s, p) = s r+1 . The spacelike vector field U = ∂ s generates a unit speed geodesic flow in the direction of grad(f ) on M and f is described by Eq. (2.3) when it evolves along this flow. Therefore, all the fibres of the tube M × f εS 1 are r-elastica.
Example 4 (A wide framework of solutions). Let (M, g
) be a Riemannian manifold endowed with a non-trivial closed conformal field X, i.e. there exists a smooth function ψ on M with ∇ z X = ψ.z, for every vector z tangent to M. This kind of structure has been widely studied in the literature not only for itself but also related to other subjects (see [13] and references therein). For example it is known that the set of points where X vanishes has at most two points and outside of , (M, g) is locally a warped product with a one-dimensional base. The unitary vector field U = X/ X , defined in M − , generates a unit speed geodesic flow. Therefore, we can consider a positive smooth function with gradient in the U -direction and evolving, at least locally, according to Eq. (2.3) along the U -flow to obtain an ample family of tubes which are foliated by r-elastic circles.
Example 5 (An example which is not a warped product). All the above exhibited solutions are, at least locally, warped product semi-Riemannian metrics with a one-dimensional base, the base generating a geodesic flow. However, we can get other solutions. To make clear this claim, we take an arclength parametrized curve, γ (s) in E 3 with positive torsion everywhere. Then, we consider the ruled surface generated on 
Some applications in conformal Kaluza-Klein supergravity
Let (P , [ḡ]) be a conformal universe, i.e.
[ḡ] is the conformal structure associated with a semi-Riemannian metricḡ on P . Assume that G is a r-dimensional, compact Lie group which acts on P through isometries of (P ,ḡ). The best worlds to live in this universe are those compact submanifolds which satisfy the following three properties: 1. The submanifolds are G-invariants. This means they have a natural degree of established G-symmetry. 2. The submanifolds support the least global tension possible from the surrounding conformal structure [ḡ] . In particular, they must be critical points of the total tension functional, i.e. Willmore-Chen submanifolds in (P , [ḡ] ). 3. The submanifolds are solutions to the isoperimetric problem area-volume (minimum area for a fixed volume or maximum volume for a fixed area). In particular, they must have constant mean curvature in (P ,ḡ) .
From now on, we will use the term of G-submanifold to name those submanifolds in a conformal universe (P , [ḡ] ), which are G-invariant, Willmore-Chen and they have a constant mean curvature in (P ,ḡ).
Next, we describe a class of conformal universes which have great interest in supergravity. We start from a semi-Riemannian manifold (N, g), the gravitatory space. Let H be a closed normal subgroup of the fundamental group π 1 (N ) and φ : π 1 (N )/H → G a monomorphism, where G is a r-dimensional, compact Lie group. Then, we can define a principal fibre G-bundle π : P → N which admits a principal flat connection, ω, whose holonomy sub-bundle is the regular covering of N associated with H . The way to construct this couple (P , ω) is well-known (see [10] for example). If dσ 2 is a bi-invariant metric on G, we can define the following semi-Riemannian metricḡ on P :ḡ
and this is called a Kaluza-Klein metric (also known as a bundle-like metric). It should be noticed thatḡ is the only semi-Riemannian metric on P with the following property:
) is a semi-Riemannian submersion with totally geodesic fibres isometric with (G, dσ 2 ) and horizontal distribution defined by ω. Furthermore, the natural action of G on P is carried out by isometries of (P ,ḡ). Then, we get a class of conformal universes in which a unified Kaluza-Klein theory can be constructed. This unifies the gravity g with the gauge potential ω. Now the problem is to study G-submanifolds in this kind of conformal universes. The surprising fact is that this problem for (r + 1)-dimensional G-submanifolds is equivalent to that of r-elasticae with constant curvature in the gravitatory component (N, g) . This equivalence was shown in [4, 5] (see also [1, 3] for other conformal universes). However, we wish to make some comments about this symmetry reduction method because it uses the principle of symmetric criticality (in a formulation due to Palais [15] ) which has been used in many applications of the Calculus of Variations, in particular in Physics, without being particularly noticed.
Proposition 2 (Barros et al. [4,5]). Let S be an (r +1)−dimensional, compact submanifold in P. Then, S is a G-submanifold in a Kaluza-Klein conformal universe (P , [ḡ]) if and only if S = π −1 (γ ) and γ is an r-elastica with constant curvature in its gravitatory component, (N, g).
Proof. Let S be a compact, (r +1)-dimensional smooth manifold and put I (S, P ) to denote the space of immersions of S in P . The subspace of G-invariant immersions is denoted by I G (S, P ) . Notice that it is a smooth submanifold of I (S, P ) which is guaranteed by the compacity of G. This submanifold can be identified with the space of complete lifts of closed curves in (N, g) . Namely, I G (S, P ) = π −1 (γ )/γ is a closed curve in N . A direct computation shows that the mean curvature function of π −1 (γ ) in (P ,ḡ) is obtained by lifting the curvature function of γ in (N, g ) and the extrinsic scalar curvature of π −1 (γ ) in (P ,ḡ) vanishes identically. Since the conformal total tension functional T : (S, P ) → R is invariant under conformal changes in the ambient metricḡ, it is obviously G-invariant. In this framework, we can use the principle of symmetric criticality: the G -invariant critical points of the conformal total tension functional on I (S, P ) are the critical points of this functional but restricted to the submanifold I G (S, P ). Finally, we compute this restriction to obtain a constant multiple of the r-elastic energy functional F r acting on the space of closed curves in (N, g).
Propositions 1 and 2 can be combined to obtain examples of Kaluza-Klein conformal universes which are foliated with leaves being G-submanifolds. To illustrate this method, we give a couple of examples. ∈ Q (the set of rational numbers), we define φ λ : Z → S 1 by φ λ (a) = exp iaλ which is a monomorphism between (Z, +) and S 1 ⊂ C viewed as a multiplicative group. Since G admits closed geodesics, we can extend φ λ to a monomorphism, also called φ λ , from Z to G. This is used to define, via the extending transition functions method, a principal fibre G-bundle π : P λ → N which admits a principal flat connection, ω, with holonomy sub-bundleÑ(N, Z). Now, we defineḡ = π * (g ε f ) + ω * (dσ 2 ) and apply Propositions 1 and 2 to conclude that (P λ , [ḡ] ) is foliated by (r + 1)-dimensional G-submanifolds.
In particular, if we choose G = S 1 , we get (P λ , [ḡ]) doubly foliated by Willmore tori with leaves cutting along a closed geodesic of (P λ ,ḡ). In fact, let p ∈ P λ be a point with x = (x 1 , x 2 ) = π(p) ∈ V × S 1 . Let γ 1 be any closed free elastica in (V , g) [11] . Then, β 1 = (γ 1 , x 2 ) is still a closed free elastica in V × f εS 1 because the base defines a totally geodesic foliation in V × f εS 1 
is a geodesic of (P λ ,ḡ).
Example 7.
The above construction can be transferred to the tube around the Schwarzschild metric already considered in Example 3. Therefore, if (M, g) is the Schwarzschild metric and f is chosen as in that example, then M × f εS 1 is foliated by r-elasticae. Now, given any r-dimensional, compact Lie group, G, we define a monomorphism φ λ : Z → G and use it to construct a principal fibre G-bundle, π : P λ → M × f εS 1 , endowed with a principal flat connection, ω. The conformal structure associated withḡ = π * (g + εf 2 
The method we have exhibited gives interesting examples of Kaluza-Klein conformal structures which are foliated by G-submanifolds. However, it also works to show the existence of G-submanifolds in certain conformal structures. We have chosen a pair of examples to illustrate this application.
Example 8.
In this example, we show the existence of an r-elastic circle in the hyperbolic plane for any natural number r, and it can be also applied to the hyperbolic n-space. Let p 0 be a point of the hyperbolic plane H 2 , and denote by g 0 the standard metric on H 2 . We use polar coordinates to see that
where f : (0, +∞) → R is defined by f (t) = sinh 2 t. We use Proposition 1 to see that the circle {t} × S 1 is an r-elastica in (H 2 , g 0 ) if and only if tanh 2 t = 1 + (1/r). As a consequence, we have proved the existence of G-submanifolds in a wide class of conformal structures in supergravity which have the hyperbolic space as gravity space. This class is a two-parameter family with one parameter being the isomorphy class of the Lie group G and the second one a rational number.
Example 9.
In the Schwarzschild universe we can compute the distance from the center of the star for which each geodesic of the corresponding sphere is an r-elastica in that Schwarzschild universe. To do it, we notice that G 2 = (G − 2m)G and so G = m/G. Now, we use Proposition 1 to obtain that the above mentioned distance is achieved on the sphere G −1 ((3 + (1/r))m) × S 2 and it gives solutions for any natural number r. Therefore, the circular planetary orbit t (u), G −1 ((3 + (1/r))m) , θ (u) , projects in a great circle θ (u) of S 2 which is an r-elastica. In this context, one could talk about r-elastic planetary orbits and r-elastic spheres in a Schwarzschild space time. Notice that the family of r-elastic spheres converges towards the photon sphere when r goes to infinity. In this sense, one could view the photon sphere (which gives orbits which are null geodesics) as a limit position for r-elasticity in the infinity.
